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Abstract: The optical spectrum of a vertical-cavity surface-emitting laser under microwave
frequency current modulation is asymmetric in most cases, i.e., sidebands equidistant from
the carrier have unequal powers. Spectra asymmetry is conventionally explained as a result
of amplitude modulation affecting a phase-modulated field, but this approach does not give a
comprehensive description of the asymmetry. We performed a sequential analysis based on
Maxwell’s equations accounting for the nonlinear interaction of five spectral components of the
laser field. This approach predicted a non-global asymmetry of the spectrum and a new resonant
feature in the dependence of the second sidebands’ power ratio on the injection current, which
we demonstrate experimentally.

© 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

The vertical-cavity surface-emitting laser (VCSEL) is one of the essential elements of a chip-scale
atomic clock [1]. Microwave modulation of its injection current provides a polychromatic optical
field for excitation of the metrological coherent population trapping (CPT) resonance. The
modulation frequency is equal to half of the ground-state hyperfine splitting of alkali-metal atoms.
The resonant (first-order) sidebands are tuned to the hyperfine components of the D1 absorption
line and pump an atomic ensemble into the dark state. One of the main characteristics of an
atomic clock is frequency stability and among its limiting factors is frequency drift due to the light
shift [2–6]. Since the carrier and the first sidebands of laser spectrum induce the light shift of the
opposite sign than higher-order spectral components, suppression of the total shift is possible at a
particular value of the deep modulation power (more than five spectral components) [7–13] (if a
buffer gas pressure is not too high [14]). The clocks’ frequency stability also depends on the CPT
resonance contrast [5], which reaches a maximum when intensities of the resonant sidebands are
equal (at their total fixed power) [1,15,16]. In practice, the lasers usually have asymmetric spectra
with unequal powers of the first-order sidebands, which also leads to asymmetry of the CPT
resonance. Our recent research found that in this case the resonance frequency acquires shift,
which has a complex dependence on the light power [17]. Therefore for metrological calculations
of the CPT resonance characteristics, we require an approach giving the correct distribution of
the laser power between spectral components and their asymmetry.

There is a standard explanation that the asymmetry stem from an amplitude modulation (AM)
accompanying the phase modulation (PhM) of a laser field [18–39]. Assuming this model, some
researchers [28–30,33] evaluate PhM and AM indices and the relative phase shift between the
modulations via the ratios of the first-order sidebands powers to the carrier power.

We investigate spectra of the field undergoing PhM and AM (section 2) and demonstrate that
they have different asymmetry than current-modulated VCSELs (section 3). Further, in section 4,
we present the theory based on Maxwell’s equations and derive the solution for powers of the
second sidebands under the small-signal approximation. We get that the ratio of their powers has
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a resonant behavior as a function of the injection current and demonstrate it experimentally for
lasers of different manufacturers.

2. Spectra of the PhM and AM field

We analyze the following field whose phase and amplitude are under modulation:

E(t) = E

(︂
1 +M sin (Ωt + φ)

)︂
· cos

(︂
ωt + a sinΩt

)︂
. (1)

Let us briefly outline the reasoning for the derivation of Eq. (1). The field amplitude is
determined by the injection current of a diode laser, thus its modulation provides AM. The
refractive index also oscillates at the modulation frequency since it depends on temperature and
(at high frequencies) on the electron concentration, which gives PhM. Since the responses are not
synchronous (due to relaxation processes, gain saturation, and other factors), the relative phase
shift between modulations is accounted for by φ.

For analysis of Eq. (1) we take into account that the carrier frequency ω is much greater
than the modulation frequency Ω, ω ≫ Ω; and the parameter φ can take values within interval
[−π/2, π/2]. The last parameter determines whether the field 1 spectrum is symmetric, i.e.,
whether the powers of sidebands |k| and −|k| (k ≠ 0), oscillating at the frequencies ω ± |k|Ω,
are equal. We express the sideband k amplitude via a, M, φ using the well-known relation
cos (ωt + a sinΩt) =

∑︁
k Jk(a) cos (ω + kΩ)t, where Jk(a) is the Bessel function of the first kind.

We consider the values of the modulation indices as arbitrary, i.e., we hold all Bessel functions in
the Fourier expansion to account for all spectral components of field Eq. (1). Then employing
the recurrent relations Jk−1(a) + Jk+1(a) = 2kJk(a)/a and Jk−1(a) − Jk+1(a) = 2∂Jk(a)/∂a we get
the following function determining the sideband k power, Pk:

Pk ∝ Fk = J2
k (a)

(︃
1 +

kM sin φ
a

)︃2
+

(︃
M cos φ

∂Jk(a)
∂a

)︃2
. (2)

The subject of our analysis is the possibility to describe the modulated VCSEL spectra via
field Eq. (1). An unambiguous criterion is the correspondence of symmetries for field Eq. (1)
spectra and those of current-modulated VCSEL. We define symmetry as the fulfillment of the
condition F|k |/F−|k | − 1 = 0 for all k. If it does not hold for any k, then we call the spectrum
asymmetric. As follows from formula (2), F|k |/F−|k | − 1 has either positive sign (sin φ>0), or
negative (sin φ<0) for all k. We will refer to these cases as global asymmetry. For sin φ = ±1
the spectrum is the most asymmetric (at fixed values of a and M, the value of F|k |/F−|k | − 1 is
maximal or minimal, respectively), and the power of each sideband k turns to zero at Jk(a) = 0 as
in the case of PhM (M = 0); see Fig. 1(a).

On the opposite, for sin φ = 0 the spectrum is symmetric, see Fig. 1(b). In a close vicinity of
φ = 0 the measure of asymmetry can be estimated as F|k |/F−|k | − 1 ≃ 4|k|φM/a. The power of
each sideband can not be equal to zero since the Bessel functions Jk(a) and J ′k(a) do not turn to
zero simultaneously. The aforementioned asymmetry of the field Eq. (1) spectra has the following
qualitative explanation. When the relative phase shift between both modulations is such that the
amplitude and frequency of the field increase simultaneously, then the power of each sideband
|k| is greater than that of sideband −|k|. When the amplitude change is out of phase with the
frequency change, the asymmetry of spectra is the opposite. We note that in some cases, for
example, see [27], the term in the first brackets of Eq. (1) is taken as

√︁
1 +M sin (Ωt + φ), but

such a description of AM does not change the symmetry of the field with PhM and AM.
In the following section, we compare examples of the VCSEL spectra with those of field 1.
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Fig. 1. Values of functions F−4, . . . , F4 at (a) a = 2.4, M = 0.15, sin φ = 1 and (b) a = 2.4,
M = 0.5, sin φ = 0. (a) The spectrum has the global asymmetry. The carrier amplitude is
equal to zero as in the case of the single PhM (M = 0). (b) The spectrum is symmetric. The
carrier amplitude is not equal to zero in spite of that J0(2.4) ≃ 0 due to the second term on
the right-hand side of Eq. (2).

Table 1. Typical optical and electric characteristics of the used VCSELs

Laser Threshold
current, mA

Recommended
operating current,

mA

Maximum output
power, mW

Side mode
suppression
ratio, dB/Hz

ULM 0.5 2.0 0.25 . . . 1 >25

Princeton
Optronics

0.3 5.0 3.0 35

Thorlabs 0.5 2.0 0.4 >20

3. Experiment

The experimental setup is shown in Fig. 2. We use 795 nm VCSELs from three different
companies: Philips Photonics (ULM Photonics), Princeton Optronics, and Thorlabs. Typical
values of the threshold current, operating current, output power and side mode suppression ratio
of the used lasers are given in Table 1. All VCSELs are housed in a TO-46 package and operate
at 20◦C. The radiation passing through an optical isolator is divided by a beam splitter into two
optical channels. The laser spectrum is registered by a photodetector PD1 and a 35 GHz scanning
Fabry-Perot interferometer (FPI) consisting of two parallel flat mirrors with a reflectivity of 92%.
The L/I curve is monitored by a photodetector PD2. The laser injection current is modulated
by the Agilent 8257D frequency synthesizer at a frequency of 3 GHz. RF modulation and DC

Fig. 2. The layout of the experimental setup. VCSEL is a vertical-cavity surface-emitting
laser, FPI is Fabry-Perot interferometer, PD1,2 are photodetectors. The generator provides
the RF signal for current modulation.
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Fig. 3. Philips Photonics VCSEL spectra obtained for different RF powers. The sidebands
indices are denoted as "0,±1,±2". The type of asymmetry is not global for all observed
spectra.

injection current are combined and fed to the laser with the Minicircuits ZFBT-6GW-FT+ bias
tee. The results presented below refer only to lasers that operate stably in a single-mode regime
with suppression of an orthogonally polarized mode by more than 20 dB [40].

Typical modulation spectra of a Phillips Photonics laser for various RF powers are shown in
Fig. 3. Here and below, we indicate RF power at the output of the synthesizer. The operation
current is 1 mA (the threshold current is 0.6 mA), and the corresponding radiation power is 160
µW. One can see from Fig. 3 that no general rule describing the asymmetry of sidebands of the
same order can be made. The powers of the first order sidebands (±1) in Fig. 3 are almost equal
at −16 dBm, but with an increase in the RF power, the power of the long-wavelength component
becomes greater than of the short-wavelength one. At the same time, at −13 dBm and at −10
dBm, the power of the short-wavelength second-order sideband (+2) exceeds the amplitude of the
long-wavelength sideband (−2). At even higher RF powers (more than −7 dBm), the asymmetry
of the second order sidebands changes (long-wavelength becomes greater than short-wavelength).
Such behavior of the sidebands cannot be described in terms of the PhM-AM model.

4. Approach based on Maxwell’s equations

The approach involves solving a coupled system of equations for field E(r, t) and the electron
concentration in the active media. Namely, one should solve Maxwell’s equations for field
E(r, t) with the boundary conditions in the laser cavity and the balance equation for the electron
concentration N(r, t) with modulated injection current J(t) = J +mJ(e−iΩt + c.c.), where Ω is the
modulation frequency. Since the electron concentration and the dielectric permittivity become
periodic functions of Ω, the field E(r, t) will also contain terms oscillating at multiples of Ω.
Authors of Ref. [41] have implemented this approach for low modulation depth of the injection
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current, treating terms ∝ m as much less than unity, accounting only for the first sidebands. They
found the analytical solution with equal powers. In this section, we make the minimal expansion
of this small-signal approximation model on terms ∝ m2 attempting to find a specific type of
asymmetry for spectra having lower powers of components k = ∓2 than k = 0, k = ∓1. We do it
since the equations for deep current modulation that give many sidebands can be solved only
numerically.

We consider the modulated injection current as J(t) = J + mJ(e−iΩt + c.c.) and represent the
electron concentration in the factorized form, N(r, t) = N(t)f (r). Dimensionless parameter m
characterizes the ratio of AC and DC amplitudes. Also, the shape of f (r) is assumed to be the
same for all allowable values of injection current and corresponding values of the output laser
power. This approximation is suitable for VCSEL since the active-region dimensions do not
exceed the electron diffusion length significantly.

As was noted above, field E(r, t) becomes a periodic function of Ω due to the injection current
modulation. Since we consider m as a small parameter but hold second-order terms over m, we
seek a solution for E(r, t) in the following form:

E(r, t) =
1
2

(︄
u(r)

2∑︂
k=−2

Eke−i(ω0+kΩ)t + c.c.

)︄
, (3)

where ω0 is the carrier frequency and E∓2 ∝ m2, E∓1 ∝ m and complex vector-function u(r)
characterizes the spatial distribution of the amplitude over the volume V . It is bounded by
the laser exit surface Sout from the one side and surface Sbound on all other sides. We use the
factorized form for field Eq. (3) due to the experimental fact that the spatial configuration of the
laser radiation does not depend on the output laser power and also on the modulation depth under
the suppression of transverse modes. In addition, we consider u(r) as known from a steady-state
solution of Maxwell’s equations for the independent problem with the monochromatic field,
namely:

∇ × ∇ × u(r) = k2
0ε0 [r, Ns(r),ω0]u(r),

where Ns(r) is the electron concentration in the steady-state regime.
Then, normalizing u(r) in the active region center so that |u(0, 0, 0)|2 = 1, we can write the

balance equation for the active region centre as:

dN(t)
dt
+

N(t)
τ
+
σcn [N(t) − Ntr]

8πℏω

|︁|︁|︁|︁|︁ 2∑︂
k=−2

Eke−i(ω0+kΩ)t

|︁|︁|︁|︁|︁2 = J(t)
eVact

, (4)

where τ is the electron lifetime in the excited state; Ntr is the electron concentration at
the transparency; Vact is the effective volume of the active region. One should integrate
Vact =

∫
V f (r)dV over the volume V .

It is also necessary to consider the terms oscillating at the doubled modulation frequency in the
electron concentration, which arises due to nonlinear interaction of the optical field components
in the laser medium: N(t) = Nth + (δN ′e−iΩt + δN ′′e−2iΩt + c.c.), where δN ′ ∝ m, δN ′′ ∝ m2.
Substituting the expressions for E(r, t) and N(t) in Eq. (4) and separating the terms oscillating at
different frequencies, we obtain:

Nth

τ
+ σ̃ (Nth − Ntr)

1∑︂
k=−1

|Ek |
2 + σ̃

(︁
δN ′

[︁
E−1E

∗
0 + E0E

∗
1
)︁
+ c.c.

]︁
=

J
eVact

, (5a)

(︃
1
τ
− iΩ + σ̃ |E0 |

2
)︃
δN ′ = m

J
eVact

− σ̃ (Nth − Ntr)

1∑︂
k=0

E∗
k−1Ek, (5b)
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(︃
1
τ
− 2iΩ + σ̃ |E0 |

2
)︃
δN ′′ = −σ̃δN ′

1∑︂
k=0

E∗
k−1Ek − σ̃ (Nth − Ntr)

2∑︂
k=0

E∗
k−2Ek. (5c)

where we have introduced notation σ̃ = σcn/(8πℏω). We note that the right part of the equation
for δN ′ contains source mJ/(eVact) and term ∝

(︁
E∗
−1E0 + E∗

0E1
)︁

indicating that the carrier and
first sidebands nonlinearly interact in the active media modifying the amplitude of the electrons
oscillations at frequency Ω. Also, the nonlinear interaction induces oscillation of electrons at
frequency 2Ω.

Also, to write the equations for amplitudes of Eq. (3) we represent the dielectric permittivity
in the following form

ε[r, t, N(r, t)] = ε0[r,ω0, Ns(r)] +
∂ε

∂ω

|︁|︁|︁|︁
ω=ω0

∆ω +
∂ε

∂N

|︁|︁|︁|︁
N=Ns(r)

∆N(r, t), (6a)

∂ε

∂N

|︁|︁|︁|︁
N=Ns(r)

= −
σ(ω0)n

k0
(R + i), (6b)

where ω0 and ε0 are the frequency and permittivity in the single-mode regime; R is the non-
dimensional phase-amplitude coupling factor; ∆N(r, t) = [N(t) − Nth]f (r). Using the expressions
for ε[r, t, N(r, t)] and E(r, t) and making the same transformations as in Ref. [41], we get from
Maxwell’s equations:

−4E−2
Ω

c
(1 + ξ) + E−1k0Γ

∂ε

∂N
(δN ′)∗ + E0k0Γ

∂ε

∂N
(δN)∗ = 0, (7a)

−2E−1
Ω

c
(1 + ξ) + E0k0Γ

∂ε

∂N
(δN ′)∗ = 0, (7b)

2E1
Ω

c
(1 + ξ) + E0k0Γ

∂ε

∂N
δN ′ = 0, (7c)

4E2
Ω

c
(1 + ξ) + E1k0Γ

∂ε

∂N
δN ′ + E0k0Γ

∂ε

∂N
δN ′′ = 0, (7d)

where we have introduced coefficients ξ = (ω0/2V0)
∫
V u2(r) ∂ε

∂ω

|︁|︁
ω=ω0

dV ,
Γ = (1/2V0)

∫
V |u(r)|2f (r)dV , V0 =

∫
V ε0 |u(r)|

2dV . Parameter ξ characterizes the contribution
of the dispersion to the energy and its dissipation in the laser cavity, and Γ is the optical
confinement factor [41]. Let us note that sources of sidebands amplitudes have contributions
from the field scattering on oscillations of the electron concentration. For example, Stokes
and anti-Stokes scattering of the carrier on electron oscillations at frequency 2Ω contributes to
amplitudes of components k = ∓2. These contributions compete with ones from scattering of the
first sidebands on oscillations of the electron concentration at frequency Ω. There can be their
non-equivalent constructive or destructive interference leading to a difference in amplitudes E−2
and E2. Since the field components scatter on oscillations of electrons and interact in the laser
medium modifying amplitudes of oscillations, we can get the outcome of this interplay only by
solving the coupled system of equations for the field and the medium.

To find the carrier amplitude, we put E∗
0 = E0, which can always be achieved by introducing a

phase shift into Eq. (3) and using replacement E2
0 = A2

0 + m2A2
2 . Then from Eq. (5a) we obtain

two equations for the terms of the order of 1 and m2:
Nth

τ
+ σ̃(Nth − Ntr)A

2
0 =

J
eVact

, (8a)

(Nth − Ntr)(|E−1 |
2 + m2A2

2 + |E1 |
2) +A0

[︁
δN ′(E−1 + E∗

1) + c.c.
]︁
= 0. (8b)

Now A0 can be considered as a known value determined by the constant part of the injection
current. We can also find the term m2A2

2 , which turns out to be negative, demonstrating that
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the carrier power falls with an increase in the modulation depth. The other amplitudes can be
expressed as E∓2,∓1 = ν∓2,∓1A0 to write Eqs. (5b)–(5c) for δN ′ and δN ′′ as (neglecting the
higher-order terms compared to those ∝ m2):

δN ′ =
M − (Nth − Ntr)σ̃A

2
0(ν

∗
−1 + ν1)

1/τ̃ − iΩ
, (9a)

δN = −σ̃A2
0
δN ′(ν∗

−1 + ν1) + (Nth − Ntr)(ν
∗
−2 + ν

∗
−1ν1 + ν2)

1/τ̃ − 2iΩ
, (9b)

where M = mJ/(eVact), 1/τ̃ = 1/τ + σ̃A2
0 . Equations (9) and (7) allow us to find ν∓1, ν∓2. We

get that powers of the first sidebands are equal, but for the second sidebands, we have:

ν2
ν∗
−2
=

(R + i)
{︁
τ̃σ̃A2

0 [Im(ξ) − Re(ξ) − 1] [Ω0(R − i) − 4Ω(1 − ξ∗)] + 2Ω(i + 2τ̃Ω)(R + i) (1 + ξ∗)2
}︁

(R − i)
{︁
τ̃σ̃A2

0 [Im(ξ) − Re(ξ) − 1] [Ω0(R + i) + 4Ω(1 + ξ)] + 2Ω(i + 2τ̃Ω)(R − i) (1 + ξ)2
}︁ ,

(10)
where we introduced parameterΩ0 = σcnΓ(Nth−Ntr), which depends on the relaxation oscillation
frequency. Powers of the second sidebands are equal when the numerator and denominator in
the formula above are complex conjugate values. It corresponds to the case τ̃σ̃A2

0 ≪ 1 where
the spontaneous mechanism primarily determines the electron relaxation rate. If the stimulated
one is large enough, then τ̃σ̃A2

0 ∼ 1, |ν−2 |
2 ≠ |ν2 |

2 and the laser spectrum has special type of
asymmetry: |ν−1 |

2 = |ν1 |
2, |ν−2 |

2 ≠ |ν2 |
2. We remind that field Eq. (1) can have only the global

asymmetry implying fulfillment of |ν−|k | |2 ≠ |ν |k | |
2 for all k ≠ 0.

We neglect further the term ξ (whose absolute values of real and imaginary parts are smaller
than 1) to simplify analytical expressions. In the case of small stimulated relaxation, σ̃A2

0 ≪ 1/τ,
we get:

|ν2 |
2

|ν−2 |2
= 1 +

4R
1 + R2

4τΩ + 1/Ω̃
1 + (2τΩ)2

τσ̃A2
0 , (11)

where Ω̃ = Ω/Ω0. Thus, the power of the short-wavelength component is greater and the ratio
grows with increase in injection current. To investigate the opposite case, we introduce parameter
a0 as τ̃σ̃A2

0 = 1 − a2
0. It tends to zero from above with growth of the stimulated relaxation for

σ̃A2
0 ≫ 1/τ. Then, using linearization over a2

0 and τ̃Ω, we get the same result:

|ν2 |
2

|ν−2 |2
= 1 + 16

RΩ̃(a2
0 + 4Ω̃τ̃Ω)

(1 + R2)(1 + 4Ω̃2)
, (12)

i.e., that the power of the short-wavelength component is greater. As follows from Eq. (12),
the ratio tends to 1 from above with the injection current growth, indicating an extremum in
dependence |ν2/ν−2 |

2 on σ̃A2
0; see Fig. 4. By differentiating Eq. (10) over σ̃A2

0 and linearizing
it over Ω̃ we find the condition on maximum:

(2Ω)2 = σ̃A2
0Ω0 ≡

J − Jth

eVact
σcnΓ, (13)

where on the right-hand side of the equation we have the square of the relaxation oscillation
frequency [42]. The maximum occurs when the doubled modulation frequency is close to it.
We note that components of the optical field can acquire different phases due to the strong
phase-amplitude coupling. Spectra become symmetric under neglecting of the latter; see
Eqs. (11),(12), ratio |ν2 |

2/|ν−2 |
2 is equal to the unity for R = 0. As we indicated above, there

can be the difference between powers of the second sidebands since they have two contributions
from the scattering and phases of the first sidebands depend on σ̃A2

0 [41]. It turns out that the
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contributions interfere more constructively for the short-wavelength sideband and this effect is
the most prominent under fulfillment of condition (13). We remind that there is similar condition
for the modulation efficiency, i.e., condition on where ratio P∓1/P0 is maximal as a function of
the injection current at fixed RF power. Approach based on Maxwell’s equations also describes
this feature [41].

Fig. 4. Ratio of the second-order sidebands powers as a function of the injection current
excess over the threshold. The threshold current is 0.6, 0.35, and 0.45 mA for lasers
manufactured by ULM, Princeton Optronics, and Thorlabs. We used formula (10) to plot
the theoretical curves.

An estimation of the radiation power P∗ (inside the resonator) at which the stimulated and
spontaneous decay rates are equal can be made via the photon flux density Φ since the relation
1/T∗ = 1/τ + σΦ holds for the electron lifetime T∗. Accounting for that Φ = P∗/(ℏωS), where
S is the laser beam square, we get formula P∗ = ℏωS/(τσ). Taking for the estimation the
wavelength of 795 nm, radius of the beam equal to 2 µm (S = 4π × 10−8 cm2), τ = 10−9 s we
obtain P∗ of the order 300-60 mW for cross-section σ ranging from 1 × 10−16 to 5 × 10−16 cm2.
VCSEL output power can be more than 1000 times smaller than that in the cavity due to the large
reflectivity of mirrors exceeding 0.995. Thus, there can be a difference in powers of the second
sidebands at the total output radiation power of several tens of µW.

We check the prediction about the behavior of the second sidebands’ powers experimentally.
We tuned RF power for each value of the injection current to hold powers of the first components
close to P0/4. Under this condition, the lasers spectra had small but visible second sidebands
(see Fig. 3 at −16 dBm). Figure 4 demonstrates dependence of ratio P2/P−2 on the injection
current for three lasers. We use parameters R, τΩ, Ω̃, K, ξ to fit experimental data to the theory.
Ratio τσ̃A2

0 was represented as K(J − Jth). Thus, parameter K characterizes how quickly the
rate of stimulated relaxation compared to spontaneous one grows as a function of the injection
current. Values of the fitting parameters given in Table 2 are reasonable. For example, the
electron lifetime is close to 1 ns for all lasers, which is consistent with the literature. Therefore,
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the approach based on Maxwell’s equations correctly describes the change in the powers ratio of
small second components with an increase in the injection current.

Table 2. Values of the parameters used for fitting.

Laser R τΩ, rad Ω̃ K, mA−1 ξ

ULM 6.25 15.44 1.4 · 10−1 6.86 −0.2 + 0.08i

Princeton Optronics 4.57 20.58 2 · 10−1 19.7 0.14 + 0.15i

Thorlabs 5.26 20.98 9 · 10−2 6.99 0.15i

Thus, the experimental spectra and sequential analysis based on Maxwell’s equations demon-
strate different type of asymmetry than the field undergoing PhM and AM. Additionally, we
have found the resonant behaviour of ratio P2/P−2 as the function of the injection current and
observed it experimentally.

We note that the following treatment was made by Vahala and Yariv in works [43,44] to
calculate the laser linewidth and the power fluctuations spectrum. At first, the authors of [43]
took the dependence of the refractive index on the field intensity in algebraic form, as in the
quasi-static models leading to optical field (1). Then, in [44], they took the dependence via
differential equations, and the corresponding solution gave the physically adequate spectrum
containing sidebands missing in [43]. They appear due to the scattering of laser radiation by
dynamic fluctuations of the electron concentration. The presented theory similarly demonstrates
that the VCSEL spectra have the feature missing in the models leading to a combination of the
modulations.

5. Conclusion

There is a common explanation that asymmetry of VCSEL spectra stems from the admixture
of an amplitude modulation to the phase one. We have analyzed the spectral symmetry of the
optical field undergoing the simultaneous phase and amplitude modulations. It depends on the
relative phase shift between these modulations: spectra can be symmetric or have the global
asymmetry implying that the power of each |k| sideband is greater or smaller than the power of
corresponding −|k| sideband, k ≠ 0. We have shown that the VCSEL spectra have non-global
asymmetry under the deep current modulation. They have a few pairs of sidebands equidistant
from the carrier with a higher power of the short-wavelength component. And this inequality
does not hold for other pairs of sidebands. Therefore we conclude that using the phase-amplitude
modulated field for calculations of the CPT resonance parameters will give their distorted values
since we require a deep current modulation to achieve the zero light shift. Considering atomic
clocks, the error in the resonance frequency will be especially critical since it depends on the
light shift and spectra asymmetry.

The presented theory based on Maxwell’s equations explains asymmetry of VCSEL spectra as
a result of scattering of the optical field components on oscillations of the electron concentration
and their nonlinear interaction in the laser medium. When spectral component with frequency
ω0 + kΩ scatters on electron oscillations at nΩ frequency, it makes contributions to amplitudes
of components k ∓ n via Stokes and anti-Stokes mechanisms. Nonlinear interaction of spectral
components induces oscillations of the electron concentration at multiples of Ω frequency.
The theory considers coupled equations for the optical field and the medium providing the
self-consistent approach. The solution under small-signal approximation gives spectra with
non-global asymmetry and describes a resonant behavior for the ratio of the second sidebands
powers as a function of the injection current. The ratio reaches maximum when doubled
modulation and the relaxation oscillation frequencies are close to each other. We experimentally
observe this specific feature for several lasers of different manufacturers.
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We believe that the approach based on Maxwell’s equations generalized for deep current
modulation will allow us to model VCSEL spectra since it correctly describes some of their
specific features already in the small-signal approximation. Also, we will investigate possibilities
for manipulation of lasers spectra to obtain more high-quality CPT resonances.
Funding. Russian Science Foundation (19-12-00417).
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